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Preface

This paper was written as a 'kleine scriptie', a small paper every Utrecht mathematics student must write as an exercise for writing a thesis. 

It all started with a course in approximation theory taught by G Sleijpen. The course ended with an introduction into wavelets, and I was given the assignment of finding out how wavelets are used in image compression. It turned out that none of the common data formats currently in use are based on wavelets. I therefor focused on new technology like CREW, and started reading research papers.

I liked the subject, and I spent more time on the assignment than I should, and therefor the assignment was turned in this 'kleine scriptie'.

I would like to thank Ernst van Rheenen for proofreading and trying to find some of the papers in the bibliography, Jan Kok for actually getting them, and Wim Sweldens for answering some questions.

The pictures used in the numeric examples come from my own collection of computer art. There are standard test sets that can be used to compare compression algorithms, but they were difficult to find, and my goal was not to get hard numbers. Paint is a photo of a painting, Kermit shows Kermit the Frog from the Muppets, and Child or smallchild is a picture of a skateboarding girl from a Epson printer advertisement.

For question you can contact me:

Sieuwert van Otterloo

Reinoutsgaarde 9

3426 RA Nieuwegein 

The Netherlands

smotterl@cs.uu.nl

This paper can best be read from a computer screen, especially if you do not have a color printer. It is available as a Word 97 file on my homepage:

www.students.cs.uu.nl/~smotterl

go.to/sieuwert

Introduction

A picture can say more than a thousand words. Unfortunately, storing an image can cost more than a million words. This isn't always a problem, because many of today's computers are sophisticated enough to handle large amounts of data. Sometimes however you want to use the limited resources more efficiently. Digital cameras for instance often have a totally unsatisfactory amount of memory, and the internet can be very slow.

Wavelet theory intends to analyse and transform data. It can be used to make explicit the correlation between neighbouring pixels of an image, and this explicit correlation can be exploited by compression algorithms to store the same image more efficiently. Wavelets can even be used to transform an image in more and less important data items. By only storing the important ones the image can be stored in an amazingly more compact fashion, at the cost of introducing hardly noticeable distortions in the image. 

In this paper the mathematics behind the compression of images will be outlined. I will treat the basics of data compression, explain what wavelets are, and outline the tricks one can do with wavelets to achieve compression. Numeric examples are given to indicate roughly what the impact of each trick is. 

I hope this paper is readable for anyone with basic knowledge of either mathematics, or computer graphics. I have skipped much of the mathematical background of wavelets. Instead of that my goal is to show the reader how data compression works in practice. 

I hope that after reading one knows what image compression is, what techniques can be used to achieve compression, and what wavelet has to do with it. I also hope the reader is convinced that one can have a lot of fun with wavelets, image manipulation and programming. 

Data Compression

The entropy of a message M is the minimal number of bits needed to encode M. It is notated E(M). Information theory gives a formula for calculating the entropy.

E(M)= -log(P(M)) 

P(M) is the probability that the message would be M. Log means the base 2 logarithm. If the probabilities you use are estimates, the formula is also an estimate. 

One can safely assume the message M to be a finite list of natural numbers, since almost everything can be expressed this way. Often these numbers will be limited in range, for instance all numbers between 0 and 256. This assures that the probability distribution P is well defined. This is not a necessity, because probabilities can also be defined on countable infinite sets.

An example will make clear how to use entropy: If I give my friend the letter 'A', and he only knew I would send a character between A and Z, but not which one, the entropy of my message would be E('A')= -log(1/26)=4.7 bits.

If my friend had known I send vowels half the times, he would estimate 

E('A')=-log(0.5*1/5)=3.3 bits. We see that entropy is a subjective notion. It depends on the knowledge shared by the sender and receiver. 

For compound messages <M,N>, made by concatenating the independent parts M and N, the following rule exists: E(<M,N>)=E(M)+E(N). It follows from elementary probability theory. In entropy calculations the parts of the message are often considered independent, and the probability distribution of each part is assumed to be known. In real life, the parts are independent, but the receiver does not know the distribution.  So-called adaptive algorithms can overcome this problem by using the already received parts to estimate the probability of the next part.

The detail coefficients of a wavelet transformation usually have a non-uniform distribution, and thus low entropy. This is because images are assumed to be smooth, so detail coefficients are often close to zero. The entropy of a multiset of detail coefficients can be estimated by the following formula:

E(D)= ∑v #v*log( #v/|D| )

#v = the number of times the value v occurs in D

|D| = the total number of coefficients in the set D

0*log(0) is assumed to be 0.

The assumption made is that #v/|D| is a good approximation of P(v). For large |D| this is the case, but for small sets the above formula will underestimate the entropy. Especially for one-point sets the above formula yields zero.

Using arithmetic encoding one can code very close to the entropy. Most books on data compression describe this algorithm. For this text it is enough to know that an algorithm exists, so that it makes sense to use the above estimates to calculate file sizes.

The above story is about lossless data compression. This means that we want to compress data in such a way that the receiver can reconstruct the original exactly. For compression programs the do not know how the data they operate on will be used, lossless compression is the only thing allowed. 

The counterpart of lossless data compression is lossy compression. This term refers to compression techniques that do not allow perfect reconstruction. The result of lossy compression and then decompression is something that looks like the input, but contains small and hopefully insignificant errors.

Images

A digital image is often given as a grid of pixels, where each pixel has its own color. Because the human eye has three types of color sensors, three numbers are sufficient for describing a color. We can therefor assume that an image is an X by Y trimatrix of real numbers. (A trimatrix is a matrix where each entry is a triplet.) X and Y are the horizontal and vertical size of the image. Indices start at zero, and pixel (0,0) is the left upper pixel. 

There are many ways to describe colors, even when one is restricted to only use three numbers. To most common systems are RGB (Red Green Blue), used by monitors, CMY (Cyan Magenta Yellow), used by printers, or HSB (Hue Saturation Brightness). For displaying images on TV's or monitors it is best to describe each pixel by its red, green and blue value, because monitors create color by mixing these basic colors. It is also convenient to assume the range of the intensity values to be {0,1,2,…,255}. This particular range is not essential. The theory will also work on larger ranges used in medical imagery.

Some computer images contain just a few colors. This kind of images is often created by the computer, for instance as a spreadsheet pie chart.

The other kind of images has a natural content. It can be generated by 3D visualisation software or be a digitised photo. These images contain smooth transitions and  thus many colors. These images can be seen as matrices of samples of a continuous 2D function. For traditional compression algorithms these natural images are hard to compress, because when looking at the pixel level the data may seem quite random and noisy. This paper focuses on these natural pictures. 

For this paper two standards for image storage are important:

· The printer company Ricoh is currently developing a file format for images called CREW. It isn't in wide use yet, but it looks promising. 

· The Joint Picture Expert Group is the developer of the JPEG of JPG format. It is widely used for storage of images. It uses a cosine transformation instead of wavelets.

CREW is important because it is state of the art wavelet technology. Jpeg is important because it is what people use today. All new standards will be compared to JPEG first. JPEG does quite a good job, but has two drawbacks.

· Jpeg is always lossy, because cosines cannot be calculated exactly.

· Jpeg works with blocks of 16*16 pixels, and at high compression ratios the blocks boundaries are not smooth.

fragment of cover photo, lossless.
same fragment stored with worst quality jpeg. Blocks are visible.

[image: image1.png]


            [image: image2.jpg]




Wavelets

Wavelets can split a signal into two components. One of these components, named S for smooth, contains the important, large-scale information, and looks like the signal. The other component, D for detail, contains the local noise, and will be almost zero for a sufficiently continuous or smooth signal. The smooth signal should have the same average as the original signal. If the input signal was given by a number of samples, S and D together will have the same amount of samples. 

The simplest wavelet is the Haar wavelet. It is defined for a input consisting of two numbers a and b. The transform is:

s= (a+b)/2

d= b-a

The inverse of this transformation is 

a=s-d/2

b=s+d/2

Discrete wavelets are traditionally defined on a line of values: 

…,x-2,x-1,x0,x1,x2,…

For the Haar wavelet pairs <x2i, x2i+1> are formed, such that every even value plays the a role, and the odd value the b role.

Lifting is a way of describing and calculating wavelets. It calculates wavelets in place, which means that it takes no extra memory to do the transform. Every wavelet can be written in lifting form (proven in [4]).

The first step of a lifting transform is a split of the data in even and odd points. This step is followed by a number of steps of the following form:

· Scaling. All samples of one of the sets are multiplied with a constant value.

· Adding. To each sample of one of the wires a linear combination of the coefficients of the other wire is added.

At the end of the transform the even samples are replaced by the smooth coefficients and the odd by the detail coefficients.

It is common to picture lifting in an electric circuit. The input is split in even wires at the upper wire, and odd components on the lower wire. Samples of one wire are repeatedly added to the other wire, until the upper wire contains the smooth signal, and the lower wire the detail signal. For the Haar wavelet only two adding steps are necessary.
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Because the smooth signal is again a continuous signal, it is possible to repeat the whole trick again and again and again to get maximal compression. Applying the transform for the first time is level 0. Applying it again on the smooth data is called the level 1 transform, and so on.

There are many wavelets defined on rows of samples. For image compression we need wavelets defined on the two dimensional grid. 

It is possible to apply a certain wavelet first horizontally, thus split the data in a left part, the smooth data, and then vertically on all columns. The coefficients are now of four kinds: SmoothSmooth, SmoothDetail, DetailSmooth, DetailDetail. This is the Mallat scheme. For the Haar wavelet, it yields the following transformation:

a
b

(a+b)/2
b-a

(a+b+c+d)/4
(b+d-a-c)/2

c
d

(c+d)/2
d-c

(a+b-c-d)/2
d-c-b+a

The other approach generalises the concept of wavelet to higher dimensions. Half the pixels of the grid are declared even, the other half odd, just as the coloring of a chessboard. Note that all four neighbours of an odd cell are even and vice versa, just as in the one-dimensional case. The smooth pixels form again a two-dimensional grid, rotated 45 degrees, so it is still possible to repeat the transform on higher dimensions. The following images show the even and odd points of the grids.

The level 0 grid, consisting of even and odd points. 
The level 1 grid. The even points of the level 0 transform are divided again in even and odd points.
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This approach is described in [8.5], under the name Quincunx lattice.

In this paper the following wavelet, named the PLUS wavelet, will be examined. It consists of two adding and one scaling step.

s(x,y)=(e(x,y)+predict(o,x,y))/2  
(1)

d(x,y)=o(x,y)-predict(s,x,y)       
(2)

Where predict(a,x,y) means taking the average of the four neighbours of cell a(x,y). So predict(o,2,2)=(o(1,2)+o(2,1)+o(2,3)+o(3,2))/4

This wavelet was chosen because it is very compact and it has zero detail coefficients in areas where the signal is constant or has linear change (= a constant first derivative in every direction). These constant and linear regions are most important for smooth looking images. Other important properties are that it is symmetric, and that the smooth output has the same range as the input.

In computer graphics terms, line (1) is a formula for a smoothing special effect. Every pixel is averaged with its neighbours. Line (2) defines an edge detection filter: The difference of each pixel with its neighbours is calculated. Wavelet theory is essentially about constructing pairs of smoothing and edge-detect filters. 

At the edges of the image, one has to do something special, because pixels do not have enough neighbours. This is a problem for all wavelets, in every dimension. One can assume a constant value for the pixels outside the image, but that introduces a big gap or jump in the intensity values at the edge, and this gap makes compression worse. One can also repeat the picture, but this only works if the left edges and the right edge connect well, and also the top and bottom edge. If not, we still have a gap.

The original image is extended with mirrored copies of ittself.
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Another solution is to mirror the image at the edges, as shown in the picture. This always gives a continuous extension of the image. Linearity however is not preserved. If one uses a symmetric wavelet, like the one above, one just have to mirror the coefficients of the wavelet transform in the same manner to reconstruct the image. 

The exact code for mirroring is the following:

int mirrorget(int i,int j){


 if(i<0)
 
i=-i;


 if(j<0)
 
j=-j;


 if(i>=sizex) 
i=(sizex-1-i);


 if(j>=sizey)
j=(sizex-1-j);


 return get(i,j);


}

Note that the edge itself isn't duplicated. This cannot be done because of the even-odd properties. Cell (-1,0) is an odd cell, so it must be mapped to an odd cell like (1,0), not to (0,0).

In the above text it was suggested we were dealing with real numbers. Computers cannot deal with real numbers. Floating-point numbers are a good approximation of real numbers, so it is possible to do all calculations with floating point numbers. Unfortunately, floating point numbers often need 64 bits of storage. Doing this would give expansion instead of compression. Another problem is that lossless compression is not guaranteed. Using high precision makes it probable, but rounding errors still occur.

If a wavelet is given as a lifting scheme, we can build a lossless integer variant. In the adding steps you round the number you want to transfer from one wire to the other to an integer using your favourite rounding function. Since adding is invertible, on the way back you can subtract the same number if you use the same rounding function.

The divisions can be skipped, or the remainder of the division can be extracted and stored elsewhere. The S wavelet is an integer approximation of the Haar wavelet. Since our lifting scheme of the Haar wavelet had only additions, it was made by inserting a rounding function.


d=b-a


s=a-[d/2]

The inverse of this wavelet is

a=s+[d/2] 

b=d+a

Whatever the rounding function [.] may be, this transform is invertible. Note that the range of d is twice the range of the input, so that there is still a little expansion. These formulas, and especially the order in which things must be calculated, follow directly from the electric wire circuit of the Haar wavelet.
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For this paper I needed an integer version of the PLUS wavelet. The lifting scheme of the PLUS wavelet contains first an update scheme, to get the smooth coefficients, and then a prediction step. For the smooth coefficients a division by two is needed. The code for the lossless version of this wavelet is:

s(x,y)=(e(x,y)+[predict(o,x,y)]-v(x,y))/2

d(x,y)=o(x,y)-[predict(s,x,y)]

v is either 0 or 1, and is chosen such that e(x,y)+[predict(o,x,y)]-v(x,y) is even. The inverse of this transform is.

e(x,y)=2*s(x,y)-[predict(o,x,y)]+v(x,y)

o(x,y)=d(x,y)+[predict(s,x,y)]

This is really a wavelet that yields three components: Smooth, Detail and some v's needed for lossless construction. v cannot be compressed much, because it contains least significant bits, and that kind of bits is quite random. Note that for a perfect constant region v tends to be zero, so for lossy compression v can be set to zero.

In the practical situation v can be seen as some sort of detail coefficient. It is needed to build the complete image from the smooth image. 

I have spend quite some time looking for ways to get rid of the extra v. In theory it is possible to do without, but this would have expanded the range of the detail coefficients. In practice this was a harder situation to deal with. Note that in the case of an odd number of samples there are more even points than odd points, so it is not easy to put every v in a detail coefficient. At the end I concluded that having these v's was the easiest solution.

The transform is only defined for monochrome images.  In the upcoming sections I will assume all images to be split in monochrome images. The color section will explain how to do it. 

Lossless Compression

It not always important for digitised photo's to be stored exactly. There is already natural noise in the picture. Storing this noise is a waste of space, and adding some extra noise would not really harm anyone. It seems that lossy compression is much more relevant than lossless compression for photo's.

The whole point of lossy compression however is that the user has the freedom to choose what distortions are acceptable, and what size he wants to spend on the image.  Lossy compression that is not flexible is worthless. To have this freedom, the user must also have the option of lossless compression. It is one of the options you will enjoy having even if you do not use it.

The second point of this section is to show that natural images have redundancy, and that the working of lossy compression is not solely based on throwing things away.  The results in this section are the real baseline for the evaluation of the lossy compression schemes, instead of the original file size.

I have investigated the use of the PLUS wavelet for lossless compression. For several monochrome images I calculated the entropy after applying the PLUS wavelet transform 0,1,2,3,4,5 and 6 times. 

level
paint
kermit
child

0

1

2

3

4

5

6
100%

89%

83%

80%

79%

78%

78%
100%

80%

70%

65%

63%

62%

62%
100%

85%

77%

72%

69%

68%

68%

One sees that the compression achieved varies from image to image, but that compression is achieved in all cases.

Doing more than 5 or 6 levels is not useful, because the data resulting from 6 transforms consists mostly of detail coefficients, not of smooth coefficients. Another transform would only work on these smooth coefficients, so overall it cannot make much difference.

The percents given above are not unbeatable. For the calculation of the entropy the formula of the data compression is used. This formula treats the data as a large, unordered bag of samples. The probability estimates can also be based on the already sent neighbours. This is more complicated, but can yield better compression. Said and Pearlman do so in their paper [9].

I did not do this because things would get quite complicated. According to David Salomon[14], the art of data compression is not to squeeze every bit out of everything, but to find a balance between programming complexity and compression ratio.  

Progressive Encoding

If an image were transferred over a slow network like the Internet, it would be nice if the computer could show what the incoming picture looks like before it has the entire file. This feature is often referred to as progressive encoding. It means that the information within the format is ordered in such a way that smaller versions of the image can be constructed during the reading of the file. Several formats have this feature.

The GIF format accomplishes this by first sending the 8'th lines, then the remaining 4'th lines, the remaining even lines and eventually the odd lines. The same amount of data has to be encoded, but compression is a little less efficient because the image is less coherent. 

The Kodak photo CD format stores smaller versions of the image in front of the actual image. This is a waste of space, but when done modestly, this is a reasonable solution. A little calculation shows why:

Let X be the size of the original. If we half both the vertical and horizontal resolution, the size is X/4. If we do this repeatedly, the total set of images has size T:

T=X+X/4+X/16+…=

=(X+X/2+X/4+X/8+X/16+…)-(X/2+X/8+…)

=2*X-T/2

T=1.33*X

It is possible to have progressive encoding at the cost of 33 percent expansion.. 

Using wavelets one can get progressive encoding at no cost at all. It is just a matter of sending smooth coefficients before the detail coefficients. The receiver can build a full size image by assuming the missing detail to be all zero, and doing the inverse of the transform.

The following table shows the quality of an image preview without using the lower level detail coefficients.

Progressive encoding quality. The error compared to the relative size 

size 
      rmse  

 100%       0.00

  50%       8.34

  25%      13.40

  12.5%    17.22

   6.25%   20.65

   3.1%    23.69

   1.6%    26.96 

   0.8%    30.47 

   0.4%    34.82

rmse refers to root mean square error. It is the most common way to measure distortions in  images. It certainly does not say everything. Let J be an approximation of the image I, then

rmse(I,J)=√( ∑x,y (Ix,y-Jx,y)2 / |J| )

The rmse values in the table vary from image to image. The decrease in size however is guaranteed. This is the converse of lossless data compression, where a rmse of zero is guaranteed, but the file size depends on the image. 

Note that the result is not a blocky reconstruction, but a sort 'out of focus' vagueness. The user immediately gets the idea he is looking at an approximation of a real image. In my opinion this artistic effect is more important than a notion like rmse. Unfortunately I cannot measure artistic appeal, just like there is no formula for quality of life. 

The redundant solution of the Kodak photo CD format only has half as much previews. This is why the quincunx lattice is better than the Mallat scheme for image compression. The photo CD solution would have the same rmse, but higher percentages.

Lossy Compression

Progressive encoding is a form of lossy compression. It builds an image close to the original with fewer data. There are other forms however. In practice one mixes different forms of lossy compression to create a balance between file size and various kinds of distortions.

Instead of attacking the number of samples, one can reduce the information per sample. For example one can set all coefficients with a value below a certain treshold to zero. This makes the image perfectly smooth in almost smooth regions, and lowers the entropy. 

Another possibility is to discard the least significant part of every sample. This can for example be done by the formula

x=floor(x/K)*K

This slashing affects every sample equally, so it spreads the error very well. 

It is not only important that the introduced errors are small, they must also be visually pleasing. Since smooth images are visually more pleasing, I assume that detail coefficients may only tresholded, slashed or whatever towards zero. 

How much reduction is achieved by tresholding is hard to predict. It depends on the image. What the best treshold is also depends on the situation.

Slashing with a factor K discards the log(K) least significant bits. (This is also valid for K not being a power of two. Maybe I shouldn't say bits, but part, but in the entropy story I also worked with non-integer bits.) The gain is log K bits per sample. When using compression the numbers get even better, because we are discarding least significant bits, and that kind of bits is harder to compress than more significant bits.

Note that some texts use tresholding where the treshold is chosen such that exactly N of the total T samples are set to zero, and conclude that we saved N/M percent storage space. This is untrue, because one has to know which samples are discarded.

In the following table the compression and error is given for several data reduction schemes. No v means that the v part of the wavelet transform is discarded. Recall that the v is the information to make the division by two lossless. Everywhere in this table, except lossless, is without this v information. In the slash x1, x2, x3, x4 I have slashed the detail coefficients at the corresponding levels with the given factor. The same for tresholding, except that the given values are now the tresholds.

If for instance the level=2, only two transforms were done. So the 53% at slash 4,3,2,1 really stands for discarding v at level one and two, and slashing the level 1 detail coefficients with 4, and the level two details with 3, and doing no further transforms.

level
lossless
no v
slash 4,3,2,1
slash 8,6,4,2

1

2

3

4
89%

83%

80%

79%
82%

74%

69%

67%
0.50

0.97

1.50

2.00
68%

53%

47%

45%
1.52

2.19

2.63

2.91
60%

42%

34%

31%
2.93

4.18

4.90

5.16

level
slash 32 16 8 4
treshold 10,9,8,7
tresh. 20,20,20,20
tresh. 30,30,20,20

1

2

3

4
51%

28%

18%

14%
6.99

9.46

10.5

10.8
63%

45%

37%

33%
3.06

4.74

6.25

7.49
54%

32%

21%

16%
5.33

8.89

12.7

13.8
51%

27%

16%

11%
6.74

11.2

12.3

17.4

Tresholding 30,30,20,20 gives really ugly results. Instead of becoming fuzzy, the image gets unsmooth: Peaks show up places of higher order smooth coefficients. The situation is thus worse than the rmse indicates.

paint original (fragment)
paint treshold 30,30,20,20
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Slashing seems not to have this problem. Pictures do get less detailed, but distortions are less ugly.

What kind of distortion is acceptable depends very much on the situation. For this picture, slashing 8,6,4,2 seems acceptable, and this gives compression to 31 percent. It is allowed to decide what slashing scheme to use depending on the picture, the wishes of the user, or the available space.

JPEG, although not a wavelet format, also has coefficients, and it uses slashing to reduce data. The slashing coefficients are not predefined, but can be chosen by the sender.

Colors

If one knows how to store a grayscale image, one can store an entire image by storing the three R, G and B components separately. This is however not the best way, for two reasons:

· For each pixel there is positive correlation between the r, g and b value. We want to exploit this correlation to achieve better compression.

· The human eye is much more sensitive for brightness differences than for color changes. If we want progressive encoding and/or lossy compression, the brightness information must be extracted from the color information and be treated separately.

Many people think that the best decorrelation is given by the following linear transformation matrix: 

Y    

 U

V  
=
 0.299  0.587  0.114

 0.500 -0.419 -0.081 

-0.169 -0.333  0.500
R 

G 

B

Note that this particular matrix is not the absolute truth, the literature also gives some slightly different matrices. The Independent JPEG group uses this one. The YVU space is also called YCbCr. 

If one simply does this transform on integer input and then truncates the output back to the integer realm, the transform is not reversible. For lossless conversion a reversible integer transform is needed. The following scheme gives us such a transform, by the use of three Haar wavelets.

Y    

 U

V  
=
 0.25   0.5    0.25 

 0.5   -0.5    0.0 

 0.0   -0.5    0.5
R 

G 

B

We see that the matrix contains rationals of two and four only, and that for U and V only two channels are involved. The change is brightness is in practice quite small, because there is a positive correlation between R, G and B, and if these three components have the same value it does not matter how brightness is defined. The following flowchart implements this second best transform by the use of three Haar wavelets.
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The scheme has four outputs. However, (B-R)/2 = ((B-G) - (R-G))/2, so the rightmost detail output can be dropped.

An integer version of this transform can be obtained by replacing the Haar wavelet by the S wavelet. The following integerisation, used in CREW, is simpler. 

forward:

Y =(R+2G+B)/4;

//in {0-255}

U = R-G+255;  

//in {0-511}

V = B-G+255; 

//in {0-511}

backward

G=Y-(U+V+2)/4 - 128;

R=U+G-255;

B=V+G-255;

The above lines are in C or Java style, where division means dividing and rounding towards zero.  R, G and B have to be within the range {0-255}. The range of U and V is 9 bit, so it seems there is an expansion of 2 bits. 

I have tested this transform on two images.

image name:
paint
smallchild

entropy: 
1355878
352696

entropy after transform:
1258668
306410

reduction to:
92%
86%

We see that there has been a reduction of the entropy. So instead of giving away two bits by doing this transform, we gain something. 

In lossy encoding one can subsample the chrominance channels. This means that only lower resolution versions of the color channels are given, but a full resolution version of the brightness channel. This approach exploits the weaknesses of the human eye. The JPEG standard does color. The resulted reminded me of a bad video tape recording: The image is sharp, but the colors look very cheap. For numbers about color subsampling see the rmse table in the progressive encoding section, because subsampling is exactly what happens in progressive encoding.

In these three image details one sees what happens if color subsampling is exaggerated. In areas without color changes the color is as it should be, but at color borders the color 'bleeds', and things get gray.

A detail of the original image
Level 3 sub sampling: 1/8 of information retained.
Level 6 subsampling: 1/64 of information retained
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Note that the 1/8 means that instead of Y+U+V bytes storage we now need Y+U/8+V/8. Without compression, instead of 24 bits per pixel we would need 8+1/8*9+1/8*9=10.25 bits per pixel with 3 level color subsampling. This is a savings to 43%. Since U and V can be compressed a little better than Y, the exact saving depends on the compression rate. 

Conclusion

A wavelet transform is a good starting point for a compression algorithm.  The wavelet transform used in this paper accomplishes three things.

1. The total entropy gets lower, so after the transform the image can be compressed.

2. By mistreating the detail coefficients the image can be compressed even more.

3. Previews of the image can be constructed before the total file is received.

The experiments show that the indicated PLUS wavelet, and the underlying even-odd scheme, is a good candidate for image compression. 

Wavelet theory also gives an entry point for a smart color transform, usable both for lossy and lossless compression.

The conclusion of this paper is therefor that wavelets and image compression go very well together.

After these serious conclusions I would like to join some of the results achieved, to give an example of the overall lossy compression that can be achieved on a color image, using the methods described in the paper. 

The following treatment seems best:

· Apply the CREW color transform to split the image in three components

· Subsample the chrominance channels twice, to reduce their number of samples to 25 percent

· On the brightness channel, do the wavelet transform 4 times, and slash the detail coefficients of each transform with factors 8, 6, 4 and 2.

· Do a level 2 wavelet transform on the color channels, and slash the details with factors 4, 2.

The color transform will most likely reduce the entropy to 90%. 

E(Y after slash)=31% (table page 14)

E(U or V after subsample)=25% (division by 4, see table page 12)

E(U or V after subsample and slash)=25%*53%=13.25% (table page 14)

E(image)=90%*(31+13.25+13.25)/3=17.25%

So if this image took a minute to receive originally, using wavelets it could take 11 seconds. 
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